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Abstract.
We investigated the Ising model on a square lattice with ferro and antiferromagnetic
interactions modulated by the quasiperiodic Octonacci sequence in both directions of
the lattice. We have applied the Replica Exchange Monte Carlo (Parallel Tempering)
technique to calculate the thermodynamic quantities of the system. We obtained the
order parameter, the associated magnetic susceptibility (χ) and the specific heat (c)
in order to characterize the universality class of the phase transition. Also, we use
the finite size scaling method to obtain the critical temperature of the system and
the critical exponents β, γ and ν. In the low temperature limit we have obtained a
continuous transition with critical temperature around Tc ≈ 1.413. The system obeys
the Ising universality class with logarithmic corrections. We found estimatives for the
correction exponents βˆ, γˆ and λˆ by using the finite size scaling technique.
PACS numbers: 05.50.+q,64.60.F-,75.50.Kj
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1. Introduction
The discovery of an Al-Mn quasicrystal by Shechtman et al. [1], awarded with the Nobel
Prize, and the pioneering work of Merlin et al. [2] on the non periodic Fibonacci and
Thue-Morse GaAs-AlAs superlattices, have created a new and promising research field,
namely the physics of quasicrystals. They are a particular type of solid that have a
non Bravais discrete point-group symmetry, like a C5 symmetry in two dimensions, or
icosahedral symmetry in three dimensions. A more precise definition of quasicrystals
with dimensionality d (d = 1, 2 or 3) has been given recently [3]. In addition to their
possible generation by a substitution process, they can also be formed from a projection
of an appropriate periodic structure into a higher dimensional space (D = m), where D
is the dimensionality and m > d.
In the last four decades, many high-quality Al-based quasicrystals have been
developed [4–7] and characteristic physical properties of these quasicrystals have been
investigated [8–10]. Among their properties, it is well known that the magnetic
properties of alloys containing a magnetic element are very sensitive to their local
atomic structures such as the kind of the nearest-neighbor atoms, the atomic distance
and the coordination number. Indeed, the magnetic properties of quasicrystals are very
different from those of amorphous alloys in spite of the similarity properties, exhibited
by them, of both local and atomic structures [11]. In the last three decades, the
study of quasicrystals have significantly advanced the knowledge about the atomic scale
structure [12, 13]. However, many questions about magnetic properties, regarding the
consequences of quasiperiodicity on physical properties, remain open. For example,
an unanswered question is if the long-range antiferromagnetic (AFM) order can be
sustained in real quasicrystalline systems.
Due to the fact that quasicrystals have no translational symmetry, many anomalous
properties different from those of a regular crystal are expected. In fact, quasicrystals are
essentially different from disordered materials. The main difference between them and
the disordered materials is the fact that they have self-similar properties, i.e., any finite
section of the quasicrystals is reproduced within a distance of a degree of its linear (2D
or 3D) scale. Also, it is well known that this system exhibit long-range correlations [14].
Therefore, at sufficiently low temperatures, where long-range correlation is expected to
play an important role, one may expect that some physical quantities will “reflect” the
quasiperiodicity of the lattice. In fact, in contrary to the well known spin structure in
antiferromagnets in periodic lattices, the antiferromagnetic arrangement in quasicrystals
has been in constant scientific debate in the past ten years (for a review see [15] and
references therein). It has been shown that rare earth-containing quasicrystals exhibit
an aperiodic diluted ferrimagnet freezing phase at low temperatures [16, 17]. These
studies suggest that this new magnetic state is an intermediate between a canonical
spin glass and a typical superparamagnet [18].
On the other hand, a substantial number of theoretical works have considered
the possibility of non-trivial ordering of localized magnetic moments on quasicrystals
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[19–23]. These studies have concluded, generally, that the answer is affirmative.
However, to date, no quasi-antiferromagnets have been discovered. But, it is known that
the behavior of some quasicrystals in low-temperature have magnetic topological order
and frustration [11], as in spin glass behavior [24]. This fact allow us the opportunity to
study new (simple) theoretical models to answer the open questions or give some insight
on this subject. For the critical behavior, the change of the critical exponents is partially
answered by the Harris-Luck criterion, valid for ferromagnetic systems, described by
exchange terms of the form J(1 + ∆) where ∆ ≪ 1 is modulated by a quasiperiodic
letter sequence [25].
In a general way, by growth processes, it is possible to control the disorder in a
given system and move progressively from a long-range structural order to a quenched
disorder [26, 27] or, alternatively, to a quasiperiodic order by modifying the exchange
strengths and signals. Specifically, the quasiperiodic order in quasicrystals can be
realized in three ways: 1) we can change the interactions or 2) the geometry of the
crystal lattice 3) or both. Here we follow 2) by considering a square lattice with ferro
and antiferromagnetic exchange interactions modulated by a quasiperiodic sequence.
Recently, a quasiperiodic model based on Fibonacci sequence with quasiperiodic
long-ranged order with competing interactions have been published by us [28]. We have
obtained the critical behavior of a second order transition, with critical temperature
Tc ≈ 1.268 [29]. An interesting characteristic of the disordered antiferromagnetic system
is the frustration [30]. It plays a role in those systems by inducing an aperiodic diluted
ferrimagnet phase. It is known, for the 2d square lattice, if the system is underfrustrated
(when frustrated plaquettes are removed in a controlled way), the disordered system
presents spin glass phase at low temperatures [30], otherwise, for the pure stochastic
frustration we have only a paramagnetic phase. This opens the opportunity to find
other quasiperiodic systems that could exhibit unusual orderings at low temperatures.
Therefore, one of the objectives of this work is to obtain the thermodynamic properties
of the Ising model in two dimensions with positive and negative exchange interactions
with the same strength, ordered by a quasiperiodic Octonacci sequence in both directions
of a square lattice.
The Octonacci sequence can be built from the Ammann-Beenker tiling, which is an
octagonal tiling obtained by using a strip projection method [31] (in fact, Ammann bars
for the Ammann-Beenker tiling have distances between them according an Octonacci
sequence). The name Octonacci comes from “Octo” for orthogonal and “nacci” from the
Fibonacci sequence, the oldest example of a quasiperiodic chain. Here we call attention
to the fact that this sequence can be confused with the first Fibonacci generalization
sequence called silver mean. The unique (and great) difference between those sequences
is that Octonacci sequence is symmetric with respect to its substitution rule A→ ABA,
while the silver mean is not symmetric, since it follows the rule A → AAB [32].
Apparently, it is not a great difference, but it will affect the quasiperiodicity and
consequentially, the long-range correlations can be different, mainly at high generations
of the sequence.
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This paper is organized as follows: In section 2 we describe the model and the
Hamiltonian. The order parameter q, magnetic susceptibility χ, specific heat c and
the critical behavior of the system are shown in section 3 and finally we present some
conclusions and general comments in section 4.
2. Model and Simulations
We consider the Ising model in a square lattice with only first neighbor interactions,
where the Hamiltonian is given by [33]
H = −
∑
〈i,j〉
JijSiSj , (1)
where Si and Sj are the spins on sites i and j, respectively and their values can be ±1.
Jij is the exchange interaction strength between first neighbor spins Si and Sj. The
exchange constants at the lattice bonds can be modulated according to an aperiodic
letter sequence. When Jij is 1, we have a ferromagnetic interaction, and when Jij is −1
we have an antiferromagnetic one.
The Octonacci sequence is obtained from the substitution rules A → ABA and
B → A in 1D [34–36]. Any generation of the aperiodic sequence can be constructed
from the previous generation by replacing all letters A with ABA and all letters B with
A. Starting with the letter A, by repetitive applications of the substitution rule we can
obtain the successive iterations of the Octonacci sequence in 1D.
To modulate the exchange interactions in a square lattice, we set the exchange
strengths in the horizontal lattice bonds by the Octonacci sequence at the vertical
direction and conversely for the horizontal direction. In this way we can obtain
frustrated lattice plaquettes and we can expect a change of the critical behavior at
lower temperatures. We show an example of such lattice in Fig.(1).
By using the Replica Exchange Monte Carlo technique (also known as Parallel
Tempering) [37–40], which is suited to approach the problem of determining the steady
state of systems with complex energy landscapes composed of many local minima and
to find the ground state of systems with non-periodic interactions, we obtained the
staggered magnetization order parameter 〈q〉, the associated susceptibility χ, the specific
heat c and Binder cumulant g
q =
1
N∗
N∑
i
S0i Si (2)
χ = N
(
〈q2〉 − 〈q〉2
)
/T, (3)
c = N
(
〈H2〉 − 〈H〉2
)
/T 2, (4)
g = 1−
〈q4〉
3〈q2〉2
, (5)
where 〈...〉 stands for a thermal average over sufficiently many independent steady state
system configurations, S0i,j is the ground state of the system and L and T are the lattice
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Figure 1. Example of a lattice with exchange interactions modulated by the Octonacci
sequence. The black and red lines stand for exchange interaction strengths JA = 1
(ferromagnetic) and JB = −1 (antiferromagnetic) respectively. We used the Octonacci
letter sequence, which is obtained from the substitution rules A→ ABA and B → A
which means that the any generation of the lattice can be constructed from the previous
generation by replacing all letters A with ABA and all letters B with A. The horizontal
bonds follow a Octonacci sequence in the vertical direction and similarly for the vertical
bonds in order to produce frustration.
size and the absolute temperature, respectively. We used the following values of the
lattice size L: 17, 41, 99 and 239, which are Pell’s numbers Pn, given by the recursion
rule
Pn = 2Pn−1 + Pn−2, (6)
where P0 = 1 and P1 = 1. The total number of spins for each lattice size is N = L
2.
In the calculation of the order parameter, we set N∗ as the size of the ordered cluster
at T → 0 to ensure a proper behavior of the order parameter, which is the limit q → 1
in the T → 0 limit [41]. In fact, the frustrated plaquettes are a fraction of the total
plaquettes, and that fraction depends only on the substitution rule. So, the number of
undecided spins, responsible for the degeneracy of the steady state, which are excluded
from the ordered cluster at T → 0, and N∗ = N − Nu itself, are a fraction of N . We
have tracked the number Nu of undecided spins for each Octonacci generation, namely:
Nu = 8, 120, 696 and 4060 for L = 17, 41, 99 and 239 (N = L
2), respectively. So, we
have N∗ = aiN , where ai ≈ 0.972, 0.929, 0.929 and 0.929 for N = 17, 41, 99 and 239,
respectively. We can see that, using N∗ in place of N , we have the same of multiplicating
the definitions by a constant factor 1/a, i. e.,
q =
1
aN
N∑
i=1
S0i Si (7)
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with N∗ = aN . This does not change any scaling properties, just to ensure limT→0 q = 1.
To determine the critical behavior, we have used the following Finite Size Scaling
(FSS) relations [42], with logarithmic corrections [43–46]
q ∝ Lβ/ν (lnL)βˆ+βλˆ fq(ϑ), (8)
χ ∝ L−γ/ν (lnL)γˆ−γλˆ fχ(ϑ), (9)
c ∝ (lnL)−αˆ fc(ϑ), (10)
g ∝ fg(ϑ), (11)
where β = 1/8, γ = 7/4, α = 0 (logarithmic divergence) and ν = 1 are the critical
exponents (the Ising 2d ones). The αˆ, βˆ, γˆ and λˆ are the logarithmic correction
exponents. The fi(ϑ) are the FSS functions with a logarithmic corrected scaling variable
ϑ = L1/ν (T − Tc) |ln |T − Tc||
−λˆ . (12)
The correction exponents αˆ, βˆ, γˆ and λˆ obey the following scaling relations [46]
αˆ = 1− dνλˆ (13)
2βˆ − γˆ = −dνλˆ, (14)
where d is the dimensionality of the system. The scaling relation (13) is valid only for
α = 0 (logarithmic divergences), in the general case, αˆ = −dνλˆ. For α = 0 and αˆ = 0,
we have the double logarithmic divergence (ln lnL) of the specific heat as seen for the
2d diluted Ising model [46].
We used 1× 106 MCM (Monte-Carlo Markov) steps to make the Nt = 400 system
replicas (each system replica has a different temperature) reach the equilibrium state
and the independent steady state system configurations are estimated in the next 1×106
MCM steps with 10 MCM steps between one system state and another one to avoid
self-correlation effects. Every MCM steps are composed of two parts, a sweep and a
swap. One sweep is accomplished when all N spins were investigated if they flip or not
and one swap is accomplished if all the Nt lattices are investigated if they exchange
or not their temperatures (swap part). We carried out 105 independent steady state
configurations to calculate the needed thermodynamic averages.
3. Results and Discussion
First, we show the ground state of the model in Fig.(2) for a system size L = 41. In
the figure, squares in grey (red in color version) indicate a spin with “up” orientation
and squares in black indicate a spin with “down” orientation (and vice-versa). Squares
in blank, indicate an “undecided” spin, where its relative orientation does not change
the ground energy (the ground state still preserves Z2 symmetry). We note the ground
state is non-periodic (its follows Octonacci sequence in a given direction) and highly
degenerated due to the frustrations present in the lattice. We can see that this peculiar
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I II
I
II
Figure 2. (Color online) Ground state of the Hamiltonian for a system size L = 41.
Grey (red) squares indicate a spin with “up” orientation and black squares indicate a
spin with “down” orientation. Blank squares indicate an “undecided” spin, where
its relative orientation does not change the ground state energy. We see that
the Column/Line I type, when “undecided” spins take the “up” orientation, the
column/line resembles the octonacci sequence. The same is true for the Column/Line
II type, if “undecided” spins take the “down” orientation. The ground state is non-
periodic, but clearly follows the same ordering as indicated in a way we can construct
the ground states for all the lattice sizes.
ordering is an aperiodic ferrite (a periodic arrangement of “up” and “down” spins)
which, at first, could be described by a staggered magnetization, namely
m∗ =
1
N
N∑
i=1
ei~qi·~riSi, (15)
where the spins are Si = ±1 and the phase factors are S
0
i = e
i~qi·~ri = ±1. The application
of this order parameter to our case can be done if the ground state is given by a
substitution rule as we will justify by the following reasoning: First, by noting that
the staggered magnetization is a magnetization calculated at sublattices, and the phase
factors can take values S0i = ±1, depending on the site in the lattice, when measuring
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m∗ directly at the simulation, the value is zero because Si = ±1 values have the same
probability. So, instead of this, we should measure m = |m∗| in the simulation. To
decouple the modulus in the lattice summation (here we must express a modulus of
a sum as a sum of the moduli), we should decouple the sublattices j where S0i = S
0
j
with S0j = 1 or S
0
j = −1 for every sublattice site i and, then, express the sublattice
magnetization as mj = S
0
j
∣∣m∗j
∣∣. Thus, the staggered magnetization is given by a sum
of sublattice magnetizations m =
∑k
j=1mj.
-8 -6 -4 -2 0 2
L( T - T
c
)(| ln | T - T
c
| |)-1/10
0.45
0.5
0.55
0.6
0.65
0.7
g
L = 17
L = 41
L = 99
L = 239
1.38 1.4 1.42 1.44
kbT / J
0.56
0.58
0.6
0.62
0.64
0.66
g
Figure 3. (Color Online) Data collapse of the Binder Cumulant g versus the scaling
parameter L1/ν(T − Tc) |ln |T − Tc||
−λˆ for different lattice sizes L. Inset: Binder
Cumulant versus the temperature for different lattice sizes. The values of L obey
the Octonacci sequence. We estimated the critical temperature Tc ≈ 1.413, as shown
in the inset, by averaging the numerical values of the temperatures where the curves
intersect each other. The best collapse was done by using the logarithmic correction
exponent λˆ = 1/10. The model is in the Ising universality class with logarithmic
corrections.
However, the definition of the sublattices where we can measure the magnetization
are not obvious due to the lacking of translational symmetry. First, the lattice is
not given by a superposition of periodic sublattices, but instead, by a deterministic
substitution rule, like substitution rules in fractals (Koch’s flake, Cantor sets, Sierpinski
carpets and so on). Therefore, it is not clear, in first hand, what sublattices we should
use at evaluating the staggered magnetization. It is true that our lattice, in a given
generation, can be seen as a superposition of the lattices of the previous generations.
But, it is not clear how many sublattices one should take, by reverting the substitution
rule and considering a number of previous generations. Also, one could argue that the
substitution rule should be reverted to the lower level where the sublattices are the
lattice spins (that is the first obvious choice) when the staggered magnetization should
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0
20
40
60
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E)
L = 17
L = 41
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L = 239
Figure 4. (Color Online) Energy probability distribution at Tc ≈ 1.41 for different
lattice sizes L. The values of L obey the Octonacci sequence. All the curves have only
one peak, which is characteristic of a second order phase transition.
read
q =
1
N
N∑
i=1
S0i Si, (16)
where the local phase factors are S0i = ±1. This can be interpreted as the system
resembling, at finite temperature, its state at T = 0. This can be seen by noting that
the staggered magnetization written in Eq.(16) goes to 1 when T → 0 if S0i is the
equilibrium ground state. We have two problems when using this choice: First, i) That
order parameter is clearly local, so, the order parameter should depend on the size of the
lattice and ii) The ground state is degenerate, at least for Octonacci substitution rule:
we do not know a priori what ground state of the system will try to “resemble”. We
can solve i) by noting that the ground state clearly follows the substitution sequence
(see caption of Fig.2), so, if we have the ground state for a smaller lattice size, we
can generate the ground state for the bigger lattice sizes by applying the substitution
rule (so the order parameter does not depend ultimately on the system size but on the
substitution rule). This even justifies why we should have to use the Pell’s numbers
given by (6), because the ground state for the infinite lattice should fit on the finite
lattice. We can solve ii) by taking the averages on the size of the ordered cluster at
T = 0 in the denominator i.e. taking the averages excluding the undecided spins as
already mentioned.
As we have commented in the introduction, due to quasicrystals have no
translational invariance, many anomalous properties distinct from those of a periodic
lattice are expected. Here we can see that the long-range correlation induced by the
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Octonacci sequence plays an important role in the ground state, and it has self-similar
properties (as in fractals). Also, our result is qualitatively in accordance with some
3D quasicrystals reported in refs. [16, 17], that suggest a possible magnetic ordering
at low temperature, by measuring a spin-glass-like transition at approximately 5.8K.
Quantitatively, instead, the quasiperiodic sequence induces logarithmic corrections on
the critical behavior in our simple model. This can be a result of the incommensurability
between correlation lengths and the system sizes where the correlation length of the finite
system have to be taken into consideration.
-10 -5 0 5 10 15 20
L( T - T
c
)(| ln | T - T
c
| |)-1/10
0.2
0.4
0.6
0.8
1
1.2
qL
1/
8  
( l
n L
 )-1
/1
6
L = 17
L = 41
L = 99
L = 239
0.8 1 1.2 1.4 1.6 1.8
kbT / J
0
0.2
0.4
0.6
0.8
1
q
Figure 5. (Color Online) Data collapse of the order parameter q, rescaled by
Lβ/ν (lnL)βˆ+βλˆ versus the scaling parameter L1/ν(T − Tc) |ln |T − Tc||
−λˆ for different
lattice sizes L. Inset: order parameter q as a function of temperature T for different
lattice sizes L. The values of L obey the Octonacci sequence. The curves suggest a
second order phase transition. The best collapse is done by using the values for the
logarithmic correction exponents: βˆ = −3/40 and λˆ = 1/10. The model is in the Ising
universality class with logarithmic corrections.
Following our previous article [28] we estimate the critical temperature by using
the Binder cumulant g given by eq. (5) in order to obtain the critical temperature.
We show the Binder cumulant in the inset of Fig.(3). The critical temperature Tc is
estimated at the point where the curves for different size lattices intercept each other.
We obtained Tc ≈ 1.413. The order of the transition is identified by the Lee-Kosterlitz
criterion [47], which establishes that the thermodynamic limit of the energy probability
histogram P (E) can be used to identify if a transition is continuous. The histogram,
depicted in Fig.(4) for all lattice sizes have only one peak, including the biggest one,
and this is characteristic of a continuous (second-order) transition.
We display the order parameter q versus temperature T in the inset of Fig.(5). The
q dependence suggests the presence of a second-order phase transition in the system.
We show the data collapse by using the FSS relation written on Eq.(8) in the Fig.(5).
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χ
Figure 6. (Color Online) Data collapse of the susceptibility χ, rescaled by
L−γ/ν (lnL)
γˆ−γλˆ
versus the scaling parameter L1/ν(T −Tc) |ln |T − Tc||
−λˆ
for different
lattice sizes L. Inset: Susceptibility χ as a function of temperature T for different
lattice sizes L. The values of L obey the Octonacci sequence. The susceptibility
diverges at Tc in the large lattice size limit suggesting a second order phase transition.
The best collapse is done by using the values for the logarithmic correction exponents:
γˆ = 1/20 and λˆ = 1/10. The model is in the Ising universality class with logarithmic
corrections.
Continuing the analysis of the critical exponents, we obtained the susceptibility χ
as a function of temperature T in the inset of Fig.(6). In the large lattice size limit,
the susceptibility diverges at Tc ≈ 1.413. Finally, we show the data collapse of the
susceptibilities for different lattice sizes according to FSS relation given in the Eq.(9).
All maxima are well fitted by using the FSS relation with logarithmic corrections and
the Ising critical exponents.
Finally, we show the specific heat c, given by the Eq.(4), at the inset of the Figs.(7)
and (8). We estimate the αˆ exponent by collapsing the specific heat c for different lattice
sizes following the scaling relation presented in Eq.(10). We note that the maxima
of the specific heat diverges as a power of lnL as shown in Fig.(8), unlike the pure
model, in which the maxima scales as lnL. Using the exponents of pure model without
logarithmic corrections does not collapse our numerical data, as shown in Fig. (7). Our
best estimate for the αˆ exponent ratio is αˆ = 4/5, which obeys the scaling relations
for the logarithmic correction exponents given in Eq.(13). As already anticipated, this
justifies a posteriori our choosing for the order parameter, because the critical behavior
of the q, its susceptibility and the specific heat preserves the scaling relations.
Critical behavior of the 2D Ising model modulated by the Octonacci sequence 12
-20 -15 -10 -5 0 5 10
L( T - T
c
)
0.1
0.15
0.2
0.25
0.3
0.35
c v
 ( l
n L
 )-1
L = 17
L = 41
L = 99
L = 239
1.2 1.4 1.6
kbT / J
0.5
1
1.5
2
c v
Figure 7. (Color Online) Specific Heat c, rescaled by 1/ lnL versus the scaling
parameter L1/ν(T −Tc) for different lattice sizes L. Inset: Specific Heat c as a function
of temperature T for different lattice sizes L. The values of L obey the Octonacci
sequence. We can see that the FSS relation without logarithmic corrections does not
collapse our numerical data.
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Figure 8. (Color Online) Data collapse of the Specific Heat c, rescaled by (lnL)−αˆ
versus the scaling parameter L1/ν(T − Tc) |ln |T − Tc||
−λˆ
for different lattice sizes L.
Inset: Specific Heat c as a function of temperature T for different lattice sizes L. The
values of L obey the Octonacci sequence. The best collapse is done by using the values
for the logarithmic correction exponents: αˆ = 4/5 and λˆ = 1/10. The model is in the
Ising universality class with logarithmic corrections.
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4. Conclusions
We have presented a theoretical model with quasiperiodic long-ranged order based on
Octonacci quasiperiodic sequence, with competing interactions, and we have obtained
a critical behavior of a second order phase transition, driven by the temperature. In
the low temperature limit we obtained an aperiodic dilute ferrite phase with critical
temperature Tc ≈ 1.4135, which is different from the model with long-ranged order
based on Fibonacci sequence [30]. This result gives us the idea that the aperiodic
diluted ferrimagnet phase in quasicrystals [24] could be due to the frustrated plaquettes
in the quasiperiodic order. Specifically, we have obtained the critical exponents β = 1/8,
γ = 7/4 and ν = 1 (Ising universality class) and estimatives for logarithmic correction
exponents given by αˆ = 4/5, βˆ = −3/40, γˆ = 1/20 and λˆ = 1/10 in the case of equal
antiferromagnetic and ferromagnetic strengths. Therefore, the quasiperiodic ordering is
marginal in the sense of introducing logarithmic corrections as in seen for 4-state 2D
Potts model.
Finally, all results presented here can be studied through artificial magnetic
structures built by using nanotechnology [48–50]. Many artificial magnetic structures of
such systems with frustrated interactions can be designed by using nanotechnology.
Recent examples are systems which are known as artificial spin ices [48]. Other
exotic artificial structures, as the “Shakti” lattice, which displays topologically
induced emergent frustration [49], and the “tetris” lattice [50], were artificially
fabricated by nanotechnology lithography techniques. We hope that our work inspires
experimentalists to fabricate and study this interesting system modulated by the
Octonacci sequence.
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